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Analytical and Finite Element Modeling of Riveted
Lap Joints in Aircraft Structure

Y. Xiong¤ and O. K. Bedair†

National Research Council Canada, Ottawa, Ontario K1A 0R6, Canada

Modeling procedures, using both analytical and numerical methods, for the stress analysis of riveted lap joints
in aircraft structure are proposed. In the analytical method, a complex variational approach is employed to
determine the stresses in joined plates containing single or multiple loaded holes. The effects of � nite geom-
etry are taken into account by the variational formulations. An iterative scheme is carried out to handle the
deformation compatibility between all joined members. In the numerical method, � nite element analyses are con-
ducted using the commercial packages MSC/PATRAN and MSC/NASTRAN. Gap elements are used to simu-
late the rivet–hole interactions. Both linear and nonlinear deformations are considered. The two modeling pro-
cedures are complementary to each other. Whereas the analytical method is ef� cient for parametric studies, the
numerical method is capable of dealing with relatively more complicated geometry and loading conditions. Re-
sults of several example problems are presented, and a good agreement between the two modeling procedures is
demonstrated.

Nomenclature
Ai j = in-plane stiffness coef� cients
Nr , N h , Nr h = stress components with respect to cylindrical

system de� ned at rivet hole
Nx , Ny , Nx y = stress components with respect to x–y

coordinate system
P = external load applied to joint
Pi = i th rivet load in joint
P i

r = pressurized stress at the i th rivet hole
p1 , p2 = two complex constants in calculating

displacement component u
q1, q2 = two complex constants in calculating

displacement component v
ri = radius of the i th rivet hole
u, v = displacement components with respect to x–y

coordinate system
ur , u h = displacement components with respect to

cylindrical system at rivet hole
Nu i

r = speci� ed radial displacement components of the
i th rivet hole edge

z1 , z2 = two complex coordinate variables
b = positional angle along each rivet hole edge
f ki = conformal mapping functions
k i ( b ) = Lagrangian multiplier for the i th rivet hole
l 1, l 2 = two complex roots with positive imaginary

part of the characteristic equation
} 1 , } 2 = two complex stress functions

Introduction

R IVETED lap joints, made of metallic and composite materi-
als, are structural components commonly used for assembly

of parts in aircraft structures. The current economical climate re-
quires that both military and civilian aircraft be operated beyond
their design lives. Therefore, maintenance and repair are important
issues to be investigatedfor aging aircraft structure.1 Research pro-
grams have been underway at the Institute for Aerospace Research
of the National Research Council Canada on bolted patch repair of
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damaged composite skin panels2 and multiple site damage of lap
splice joints.3 A main task in the research programs is to develop
ef� cient modeling procedures for mechanically fastened compos-
ite joints and riveted lap joints in aircraft fuselage structure. Both
analytical and numerical methods are to be examined. This is chal-
lenging work because of the complex geometry and load transfer
in the joints. An important consideration about the modeling pro-
cedures is to maintain a good balance between accuracy and the
computationalef� ciency. In the followingdiscussion, the geometry
and con� guration of the two types of joints are idealized as two
plates joined together by frictionless rivets without distinguishing
the differences in geometry.

Various analytical approaches following Lekhnitskii4 have been
developedfor composite joints.5 , 6 These approachesare basedon an
in� niteplateassumption.Finitewidthcorrectionfactorsare required
when applying the analytical approaches to � nite sized plates.7

These correction factors, in most cases, are developed based on
� nite element analyses.This requirementof using a numerical tech-
nique to generate correction factors makes the Lekhnitskii complex
potential based analytical approaches less suitable for designing
complex joint con� gurations.In addition,the closed-formsolutions
are valid for pure bearing loading only.

To eliminate the requirement for � nite width correction factors,
the analytical solutions involving complex stress potentials have
been employed in different fashions. The boundary collocation
method was used for crack problems8 and contact problems.9 This
method involves a conformal mapping and a least-squares scheme.
A hybrid method in conjunction with complex stress functions was
formulated for aircraft panels with multiple site damage near the
rivetholes.10 More recently,a mixed formof thecomplexvariational
approach was developed for composite joints containing multiple
rivet holes under a unidirectional load.11

In addition to the analyticalapproaches,numericalmethods have
been widely used for both composite joints and metallic lap joints.
Two-dimensional� nite element analyses with assumed distribution
of rivet loads were conducted for strength prediction of composite
joints.12–14 Finite element analyses were also carried out for metal-
lic lap joints in different ways such as a two-dimensional model
with merged nodes,15 a two-dimensional model with assumed dis-
placement boundary conditions,16 and a three-dimensional model
with interfaceor gap elements.17, 18 Although the three-dimensional
analyses can provide more accurate stress predictions, particularly
for locationsaroundrivetholes,extensivemodelingeffortsand com-
puter time are required.This approachoften limits modeling to only
a small number of rivet holes. In the presentwork, two-dimensional
� nite element models have been developed for rivet lap joints using
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Fig. 1 Con� guration of two-rivet lap joint.

gap elements to simulate the rivet–hole interactions.The effects of
the number of gap elements are examined from the point of view of
accuracy and computational ef� ciency.

In this paper, the development of the analytical and numerical
modeling procedures for lap joints involving single and multiple
rivet holes is described. Detailed results for several example prob-
lems of lap joints under the unidirectional loading condition are
presentedand discussed.The two modeling proceduresare comple-
mentary to eachotherand demonstratea reasonablygoodagreement
between the results from the two modeling procedures.

Statement of Problem
The problem under study in this paper is a single shear lap joint,

which involves two composite or metallic plates joined by single
or multiple rivets, as shown in Fig. 1 for a joint with two rivets.
In analytical modeling, the two plates are treated, in general, as
anisotropic plates because the isotropic metallic plate can be rep-
resented as a special case. The two plates are of the same � nite
width, and they have, in general, m circular loaded holes of various
sizes that are arbitrarily located. The tensile load P applied at the
edge of the lower plate (plate 2) is in equilibrium with the m rivet
loads, Pi (i D 1, 2, . . . , m). This load is transferredto theupperplate
(plate 1).

It is noted that the actual stress state at the rivet location is com-
plex and three dimensional in nature. To develop relatively simple
modeling methods with reasonable accuracy, we made some as-
sumptions in this work: 1) the load on one plate is transferred by
� exible frictionlessrivets over half of the hole edges, and 2) the sec-
ondary bending of the plates due to load eccentricity is negligible
compared with the in-plane deformations. Therefore the two plates
are assumed to be in a plane stress state and the rivets are modeled
as elastic beams with appropriate end conditions.

Analytical Modeling Method
Iterative Scheme

As seen in Fig. 1, the external load P applied on plate 2 is trans-
ferred by the rivets to plate 1. This load transfer results in the de� ec-
tion of rivets and the elongation of the holes in the upper plate. To
consider the deformation compatibility between the jointed mem-
bers, we establishedan iterative scheme that involves the following
steps for joint stress analysis:

1) Assign initial values for rivet loads that are in equilibriumwith
the externally applied load P .

2) Calculate the hole elongation in plate 1 under the applied load
andtherivet loads.The rivet loadsare simulatedbya cosinefunction.

3) Calculate the de� ections of the rivets under the shear loads
transferred by the rivets.

4) Calculate the summation of the hole elongationsand rivet de-
� ections in plate 1. The combineddeformation is taken as the rigid-

body movement of the contact region of the corresponding rivet
holes in plate 2. Calculate the reactions on holes of plate 2 under
the rigid body motions and the applied load P .

5) Take the reactions on the holes of plate 2 as new rivet loads
and repeat steps 2–4 until a convergent solution is obtained.

Variational Formulations for Plates 1 and 2
Because the two plates are in a plane stress state, the theories

of two-dimensional anisotropic elasticity are applied to the stress
analysisof the two plates. That is, two complex stress potentials are
used to derive the stress and displacementcomponents.For the sake
of simplicity, identical sets of notations are employed for the two
plates and the basic equations are written as

Nx D 2 Re l 2
1

d} 1(z1)

dz1

C l 2
2

d} 2(z2)

dz2
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u D 2 Re[p1 } 1(z1) C p2 } 2(z2)]
(2)

v D 2 Re[q1 } 1(z1) C q2 } 2(z2)]

Plate 1 is under the applied load P and rivet loads Pi . The rivet
loads cause a stress due to pressureagainst the right half of the hole
edge, and this stress is assumed to have a cosine distribution as

P i
r ( b ) D (2Pi / p ri ) cos b (3)

Because plate 1 does not have any displacement boundary con-
ditions, the minimum potential energy theorem is applied.The total
potential energy of plate 1 is written as
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where \ denotes the domain, L the length, and W the width of the
plate.

Using the integration by parts, the � rst-order variation of the
preceding energy functionalwith respect to u and v, respectively, is
derived and written as
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where the stress components are related to the displacement com-
ponents by the constitutive equations. In addition, the area inte-
grations, in Eq. (5), which are associated with the two equilibrium
equations, are eliminated because of the automatic satisfaction by
using the stress potentials.Therefore the variationalformulation in-
volves only boundary integrations, which are associated with the
boundary conditions.

For plate 2, which has both force and displacementboundarycon-
ditions, a mixed variational formulation is established. The energy
functional in this case is written as
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where k i ( b ) represents the compressive stress against the left half
of the hole edge caused by the rivet load. In a similar way, the � rst-
order variation of the preceding energy functionalwith respect to u,
v, and k i , respectively, is derived and written as
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Similarly, only boundary integrations are involved in Eq. (7). To
seek the solutions using the formulations in Eqs. (5) and (7), we
selected the trial functions for the stress potentials as
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where zk D x C l k y, k D 1, 2, are complex coordinate variables;
C1n , Di

1n , C2n , and Di
2n are complex constants to be determined;

and the mapping functions are
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For the Lagrangianmultipliers, the following trigonometricfunc-

tions are selected:

k i ( b ) D k i
1 C

JX
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k i
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i D 1, 2, . . . , m (10)

For accurate and convergent solutions from the variational for-
mulations, some additional conditions must be imposed. The log-
arithmic terms in the stress potentials must result in single-valued
displacements around each rivet hole. The applied load must be in
equilibrium with the compressive stresses at rivet holes represented
by the Lagrangian multipliers.

There are 2(m C 1)(N C 1) complex constants in Eq. (8) and
m( J C 1) real constants in Eq. (10), which are determined by the
variational formulations. Once these constants are determined, the
stress and displacement components are calculated using Eqs. (1)
and (2).

Finite Element Modeling Method
Finite element modeling techniques have been proposed for the

purpose of analyzingproblems with relatively complicatedgeome-
try and loading conditions. A major dif� culty in modeling riveted
joints is the idealization of the load transfer between the rivet and
the plate. The resulting stress distribution around the rivet hole is
largely in� uenced by the procedures followed in the idealization.
Therefore several alternative strategies for � nite element modeling
have been investigated in the present program on multiple site dam-
age in lap joints.For comparisonwith the analyticalmethodoutlined
in the preceding section, the two-dimensionalmodeling method us-
ing gap/springelements is discussedin this section.The commercial
� nite elementpackagesMSC/PATRAN and MSC/NASTRAN were
used for the analyses.

A salient idea in the present modeling method is to simulate the
rivet by an assembly of a circular beam and two disks that are
rigidly connected at the end of the beam. The thickness of the two
disks is equal to that of the two plates, and the geometry of the
beam is identical to that of the rivet (countersink is not considered).
The two plates with rivet holes and the two end disks of the rivet
are modeled by two-dimensional plane stress elements. The rivet
itself is modeled by a single beam element. Gap/spring elements are
then generated to connect the nodes in the contact region along the
rivet/plate boundary. Figure 2 demonstrates a � nite element model
and the rivethole representationfor a four-rivetsingle lap jointusing
80 gap elements around each rivet hole.

Gap/spring elements are one-dimensional elements that simu-
late unidirectionalpoint-to-pointcontact between two media (in the
presentmodels the plate and the rivet). Gap elementsare appropriate
in modeling the load transfer between the rivet and the plate under
generalloadingconditions.This is becausegap elementsrequiretwo

Fig. 2 Finite element model of a four-rivet joint.
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separate values of axial stiffness constants: the opening (or tensile)
and the closed (or compressive). Two types of nonlinear analyses
are usually conducted when using gap elements. One is associated
with both the update of the contact region and the large deformation
of the whole structure, referred to as nonlinear 1 in this paper. The
other, referred to as nonlinear 2, is associated with the update of
the contact region only. Spring elements are used only if the contact
region is known to be � xed during the loading history as only one
stiffness constant is required for spring elements. Linear analyses
are usually conducted when using spring elements, as there is no
update of the contact region.

A major de� ciency when using gap elements is that it requires
nonlinearanalysis.Thismay notbedesirableif the structurecontains
a large number of rivets that require much more computationaltime
than that required for the traditional linear analysis. Therefore a
good compromise needs to be achieved between the accuracy and
the computationalef� ciency.

A convergencestudy was conductedto determine the appropriate
number of gap/spring elements that would adequately model the
load transfer between the rivet and the plates. For simplicity, the
analysis was performed for a single rivet joint under a unidirec-
tional load. Linear analysiswas done using 30–200 spring elements
along one-half of the rivet hole because the load is unidirectional.
Nonlinear analysis with large deformation of the whole structure
(nonlinear 1) was done in the corresponding models by changing
the springs to gap elements. When 200 gap/spring elements are
used, the model contains a total of 28,788 degrees of freedom. The
degreesof freedomdecrease to 6584 for a model with 50 gap/spring
elements. Note that as the number of gap/spring elements increases
along the rivet hole, the mesh becomes � ner in the vicinity of the
rivet area. This obviously in� uences the calculated stress values be-
cause the size of the elements around the rivet hole is different for
each case.

Figure 3 shows the convergenceof the peak stress obtained from
linear and nonlinear analyses with varying numbers of gap/spring
elements. Apparently, the values obtained by the linear analysis
are upper bounds for those by the nonlinear analysis. The change
in the peak stress becomes insigni�cant by increasing the number
of gap/springs from about 100 to 200. The numerical values of the
peak stress and the CPU time requiredto run each model are listed in
Table 1. The values of the peak stress obtained from the model with
40 gap/spring elements are relativelyclose to the convergentvalues,
but the CPU time for this model is signi� cantly less than that for the

Table 1 Stress concentration and CPU time for various models

Number of

Analysis type

gaps or
Spring (linear) Gap (nonlinear 1)

springs SCFa CPU, s SCF CPU, s

30 5.16 18 4.01 72
40 5.20 22 4.18 86
50 5.35 26 4.30 93
100 5.60 32 4.74 151
200 5.73 110 4.97 853

aStress concentration factor.

Fig. 3 Convergence of peak stress.

model with 200 gap/spring elements. This indicates that a model
with 40–100 gap/spring elements would be a good compromise
between the accuracy and the computational ef� ciency. Therefore
80 gap/spring elements are used in the present � nite element models
for the example problems discussed next.

Results and Discussion
Using the analytical and numerical modeling methods outlined

earlier,we haveanalyzedseveralexampleproblems.Detailedresults
from the two modeling methods are presented and discussed next.

In the � rst case, for the purpose of demonstrating the effective-
ness of the complex variational approach, a rectangular compos-
ite plate AS4/3501-6 [45/0/¡45/0/90/0/45/0/¡45/0]2s with three
loaded holes was analyzed. The dimensions of the plate, as shown
in Fig. 4, are W D 101.6 mm, L D 152.4 mm, e D 41.2 mm, s D
35 mm, d1 D d3 D 20 mm, and d2 D 30 mm. A linear � nite element
analysis was also conducted where the rivets were modeled by a
set of stiff spring elements. A comparison of the stress contours in
the loadingdirection from the complex variationalapproachand the
� nite element analysis are presented in the upper and lower parts of
Fig. 5, respectively,and an excellent agreement is shown.

In the following examples of lap joint geometry con� gurations,
the two plates are aluminum with a thickness of 2.54 mm. All rivet
holeshave a diameterof 7.9375mm. Three typesof analyses(linear,
nonlinear1, andnonlinear2)were conductedusingthe � niteelement
method. The � nite element results are compared with those from
the analyticalmethod. In the analyticalmethod for multirivet joints,

Fig. 4 Composite plate with three loaded holes.

Fig. 5 Stress distributions around three loaded holes (upper: analyti-
cal; lower: � nite element).

Fig. 6 Single rivet lap joint.
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Table 2 Results for a two-rivet lap joint

Hole no.

Method Quantity 1 2

Analytical Pi / P 0.49 0.51
Peak r r ¡2.51 ¡2.55
Peak r h 2.94 4.48

Finite element Pi / P 0.50 0.50
Linear Peak r r ¡2.58 ¡2.28

Peak r h 3.38 4.67
Finite element Pi / P 0.50 0.50

Nonlinear 1 Peak r r ¡2.62 ¡2.31
Peak r h 2.40 3.89

Finite element Pi / P 0.50 0.50
Nonlinear 2 Peak r r ¡2.59 ¡2.28

Peak r h 2.87 4.55

Fig. 7 Bearing stress around rivet hole.

Fig. 8 Hoop stress around rivet hole.

three complex and six real terms were taken in each stress potential
and each Lagrangian multiplier, respectively.

The stress values around rivet holes are of importance in strength
prediction of lap joints. A single rivet joint, as shown in Fig. 6,
was analyzed in the second case by the analytical method, with six
terms in each stress potential, and by the � nite element method.
In this joint, L1 D 63.5 mm, L2 D 79.375 mm, W D 38.1 mm, and
e D 31.75 mm. The distributions of the hoop and bearing stresses
around the rivet hole in plate 2, normalized with respect to the far-
� eld stress, are shown in Figs. 7 and 8, respectively.It is seen that the
overall distributions from the analyticalmethod and the three types
of � nite element analyses agree very well. The high peak values
from the linear analysis are due to the discontinuity of stiffness at
the junctures of the contact and noncontact regions. It is therefore

Table 3 Results for a four-rivet lap joint

Hole no.

Method Quantity 1 2 3 4

Analytical Pi / P 0.25 0.25 0.25 0.25
Peak r r ¡2.32 ¡2.32 ¡2.66 ¡2.66
Peak r h 2.91 2.91 4.29 4.29

Finite element Pi / P 0.25 0.25 0.25 0.25
Linear Peak r r ¡2.38 ¡2.38 ¡2.22 ¡2.22

Peak r h 3.24 3.24 5.19 5.19
Finite element Pi / P 0.25 0.25 0.25 0.25

Nonlinear 1 Peak r r ¡2.42 ¡2.42 ¡2.27 ¡2.27
Peak r h 2.31 2.31 3.79 3.79

Finite element Pi / P 0.25 0.25 0.25 0.25
Nonlinear 2 Peak r r ¡2.39 ¡2.39 ¡2.22 ¡2.22

Peak r h 2.73 2.73 4.47 4.47

Table 4 Results for a � ve-rivet lap joint

Hole no.

Method Quantity 1 2 3 4 5

Analytical Pi / P 0.28 0.16 0.12 0.15 0.30
Peak r r ¡1.46 ¡0.88 ¡0.67 ¡1.04 ¡1.54
Peak r h 1.60 1.77 1.78 2.63 3.48

Finite element Pi / P 0.31 0.14 0.10 0.14 0.31
Linear Peak r r ¡1.58 ¡0.68 ¡0.61 ¡0.79 ¡1.49

Peak r h 2.07 1.80 1.98 2.50 4.01
Finite element Pi / P 0.31 0.14 0.10 0.14 0.31

Nonlinear 1 Peak r r ¡1.59 ¡0.71 ¡0.64 ¡0.83 ¡1.52
Peak r h 1.49 1.55 1.73 2.19 3.46

Finite element Pi / P 0.31 0.14 0.10 0.14 0.31
Nonlinear 2 Peak r r ¡1.57 ¡0.69 ¡0.62 ¡0.80 ¡1.48

Peak r h 1.77 1.80 1.99 2.51 4.00

Fig. 9 Two-rivet lap joint.

concluded that linear � nite element analysis using spring elements
is not appropriate for determining peak stresses.

The second lap joint analyzed was one with two rivets as
shown in Fig. 9. In this joint, L1 D 95.25 mm, L2 D 111.125 mm,
W D 38.1 mm, and e D 31.75 mm. The rivet loads, peak bearing
stress, and peak hoop stress calculated from the analyticaland � nite
element methods are presented in Table 2. It is seen that the ana-
lytical results are in close agreement with the � nite element data,
particularlywith those from the nonlinearanalysis in which the non-
linearity is only associatedwith the update of the gaps’ openingand
closing (nonlinear 2).

A third lap joint, containing four rivets as shown in Fig. 10,
was analyzed. In this joint, L1 D 95.25 mm, L2 D 111.125 mm,
W D 69.85 mm, e D 31.75 mm, and s D 31.75 mm. The rivet loads,
peak bearing stress, and peak hoop stress calculated from the ana-
lytical and � nite element methods are presented in Table 3. Similar
agreement between the analytical results and the � nite element data
is noted as in the two-rivet joint.

The last lap joint analyzed was one containing � ve rivets as
shown in Fig. 11. In this joint, L1 D 190.5 mm, L2 D 206.375 mm,
W D 38.1 mm, e D 31.75 mm, and s D 31.75 mm. The rivet loads,
peak bearing stress, and peak hoop stress calculated from the ana-
lytical and � nite element methods are presented in Table 4. Similar
agreement between the analytical results and the � nite element data
is also noted as in the two-rivet and four-rivet joints. To show the
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Fig. 10 Four-rivet lap joint.

Fig. 11 Five-rivet lap joint.

Fig. 12 Rivet loads in � ve-rivet joint.

Fig. 13 Peak stresses in � ve-rivet joint.

comparisons in a graphical form, the rivet loads and peak stresses
in this joint are displayed in Figs. 12 and 13, respectively.

Conclusions
Analytical methods have been developed based on the complex

variationalapproachfor lap jointswith singleormultiple rivetholes.
The joined plates can be either metallic or composite materials.
The stresses in the two joined plates and the rivet loads can be

determined.There is no needfor � nite width correctionfactorswhen
the rivet holes are not small compared with the width of the joined
plates, for example, when the ratio between plate width and hole
diameter is less than four. An iterative procedure is implemented to
take into account the � exibility of all of the joined members.

Finite element simulationshave also been carriedout with the fol-
lowing objectives:1) to verify the analyticalmethods developedand
2) to explore effective modeling procedures to simulate the rivet–
hole interactions.Both gap and spring elements were used, and the
effects of these elements on the load transfer were examined. Par-
ticularly, the results using different numbers of gap/spring elements
around rivet holeswere evaluatedfrom the pointsof viewof compu-
tational ef� ciency and accuracy. Comparisons between the results
from the analyticaland the � nite elementmodelingprocedureswere
presented and discussed.

Based on the results discussed, the following conclusionscan be
drawn:

1)The analyticalmethoddevelopedusing thecomplexvariational
approach is ef� cient for determining the stresses in multirivet lap
joints under a unidirectional load, as demonstrated by comparing
the results with the � nite element calculations. Preliminary design
work can be carried out using the analyticalmethod programmed in
a personal computer environment. Further development work can
be conducted to extend the capability of the analytical method to
deal with multirivet joints under general loading conditions.

2) The two-dimensional � nite element modeling techniqueusing
gap/spring elements is an effective way to analyze riveted lap joints
with relatively complicated geometry and loading conditions.

3)The rivet representationbyanelasticbeamwith two enddisks is
appropriate, and approximately 40–100 gap/spring elements along
thecontactregionare suf� cientfor adequateaccuracyandef� ciency.

4) The linear analysis using spring elements predicts accurate
overall stress distributions in the joint, but it is not appropriate for
determiningthepeak stressesat the juncturesbetween thecontacting
and noncontactingregions.

5) The nonlinear analysis associatedwith both the update of gap
elements and the large deformation of the whole structure provides
the lower bounds for the peak stresses. This analysis requires the
most extensive computing time.

6) The nonlinear analysis associated with the update of gap ele-
ments only providesthe peak stresses,which are between the values
calculatedfrom the linear analysis and the complete nonlinear anal-
ysis (nonlinear 1). Also the computing time required by this type
of nonlinear analysis is signi� cantly less than that required by non-
linear 1. Therefore it is recommended to use this type of nonlinear
analysiswith 40–100 gap elements in future � nite elementmodeling
of riveted lap joints.
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